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ON REAL AND PSEUDO-REAL RATIONAL MAPS
RUBEN A. HIDALGO AND SAU´L QUISPE
Abstract. Moduli space of rational maps carries a natural real structure, coming
from usual complex conjugation. Its real points are the classes of rational maps
admitting an antiholomorphic automorphism. We provide a characterization of
those rational maps admitting antiholomorphic automorphisms and observe that
the real locus is connected. These maps are either real or pseudo-real rational
maps.
Pseudo-real rational maps never can be defined over their field of moduli.
Their groups of holomorphic automorphisms is either trivial or a cyclic group. A
characterization, in terms of the corresponding group of holomorphic automor-
phisms, is provided and we show that, for every n ≥ 1, there is one whose group
of holomorphic automorphisms has order n. As a consequence, we obtain that
the locus in moduli space of equivalence classes of pseudo-real rational maps is
non-connected.
We provide examples of real rational maps which cannot be defined over
their field of moduli and observe that every real rational map, which admits a
model over the algebraic numbers, must also admit another model over the real
algebraic numbers.
1. Introduction
The space Ratd, of complex rational maps of degree d, can be identified with
the Zariski open set P2d+1
C
\Resd, where Resd ⊂ P2d+1C denotes the algebraic hyper-
surface defined by the resultant of two polynomials of degree at most d, under the
injective map
Ξ : Ratd ֒→ P2d+1C : φ(z) =
∑d
k=0 akz
k∑d
k=0 bkz
k
7→ Ξ(φ) = [a0 : · · · : ad : b0 : · · · : bd].
In particular, Ratd carries a complex manifold structure of dimension 2d + 1.
The group PSL2(C), of Mo¨bius transformations, acts holomorphically on Ratd by
the rule of conjugation; the quotient space Md = Ratd/PSL2(C) is the moduli space
of rational maps of degree d. Note that M0 is just a point and M1 can be identified
with the Riemann sphere Ĉ.
Let us now assume d ≥ 2. The PSL2(C)-stabilizer of φ ∈ Ratd, denoted by
Aut(φ), is its group of holomorphic automorphisms. This group is finite (since
a Mo¨bius transformation is uniquely determined by its action at three different
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points); so it is either the trivial group or isomorphic to a cyclic group, a dihedral
group, the alternating groups A4,A5 or the symmetric group S4 [1]. In [7] it has
been observed that each of these finite groups can be realized as the full group
of holomorphic automorphisms of a rational map. In [8], Milnor proved that Md
carries the structure of a complex orbifold of dimension 2(d − 1) and, in [10],
Silverman showed that it has a natural structure of an affine geometric quotient
defined over Q. Milnor also noted that M2 can be identified with C
2 (by using
two of the three symmetrical forms of the multipliers of the fixed points). It seems
that, for d ≥ 3, no explicit model for Md is known. The branch locus Bd ⊂
Md consists of the classes of rational maps with non-trivial group of holomorphic
automorphisms. By identifying M2 with C
2, the branch locus B2 ⊂ C2 corresponds
to the cubic curve [2] (so it is connected)
2x3 + x2y − x2 − 4y2 − 8xy + 12x + 12y − 36 = 0,
where the cuspid (−6, 12) corresponds to the class of a rational map φ(z) = 1/z2
with Aut(φ)  D3 (the dihedral group of order 6); all other points in the cubic corre-
spond to those rational maps with the cyclic group Z2 as full group of holomorphic
automorphisms. In [5] it was observed that Bd is always connected.
An extended Mo¨bius transformation is of the form T ◦ J, where T ∈ PSL2(C)
and J(z) = z is the complex conjugation (these are the antiholomorphic automor-
phisms of Ĉ). The full group P̂SL2(C) of holomorphic and antiholomorphic auto-
morphisms of Ĉ is generated by PSL2(C) and the reflection J. An extended Mo¨bius
transformation of order two is called a reflection (respectively, an imaginary reflec-
tion) if it has fixed points (respectively, has no fixed points) on Ĉ. Each reflection
(respectively, imaginary reflection) is conjugated by a suitable Mo¨bius transforma-
tion to J (respectively, τ(z) = −1/z).
Each extended Mo¨bius transformation acts, as an antiholomorphic automor-
phism of Ratd, again by conjugation. The P̂SL2(C)-stabilizer of φ ∈ Ratd, denoted
as Âut(φ), is the group of holomorphic and antiholomorphic automorphisms of φ;
the elements in Âut(φ)\Aut(φ) are the antiholomorphic automorphisms of φ (gener-
ically, a rational map of degree d ≥ 2 has no antiholomorphic automorphisms). We
provide a characterization of the rational maps admitting an antiholomorphic auto-
morphism together the corresponding real dimensions in moduli space (Theorems
2, 3, 4, 5 and Corollary 3).
The action of J on Ratd corresponds to the canonical conjugation in the model
Ξ(Ratd) = P
2d+1
C
\ Resd:
φ ∈ Ratd −→ [a0 : · · · : bd] ∈ Ξ(Ratd) ⊂ P2d+1C
↓ ↓
φ = J ◦ φ ◦ J ∈ Ratd −→ [a0 : · · · : bd] ∈ Ξ(Ratd) ⊂ P2d+1C ,
where φ := J ◦ φ ◦ J ∈ Ratd (note that φ is obtained from φ after conjugating its
coefficients). As the reflection J normalizes PSL2(C), it induces a real structure
Ĵ on Md, that is, an antiholomorphic automorphism of order two. The real points
of such a structure (the fixed points of Ĵ) are given by those classes [φ] so that
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φ ∼ φ, in other words, φ admits an antiholomorphic automorphism. In this case,
if φ admits a reflection as anticonformal automorphism, then φ is real [4], that is,
there is some ψ ∈ Ratd with coefficients in R and ψ ∼ φ. If φ does not admit such a
reflection, then it is called pseudo-real. Our description of rational maps admitting
antiholomorphic automorphisms permits to observe that the real locus MR
d
in Md
is connected (Corollary 5).
At the level of pseudo-real rational maps, we observe that its group of holo-
morphic automorphisms can only be either trivial or isomorphic to a cyclic group
(Theorem 6). We provide a characterisation of these in terms of their group of
holomorphic automorphisms (see Theorems 7, 8). Silverman’s examples [9] pro-
vide examples of pseudo-real rational maps with trivial group of holomorphic auto-
morphisms. For every n ≥ 2, we show the existence of a pseudo-real rational map
whose group of holomorphic automorphisms is the cyclic group of order n (Corol-
lary 4 and Theorem 9). As a consequence of our characterisation of pseudo-real
rational maps, we are able to prove that the locus in moduli space of pseudo-real
rational maps is non-connected (Theorem 11).
A field of definition of φ ∈ Ratd is a subfield K of C so that there is some rational
map ψ, defined over K, which is equivalent to φ. Let Gal(C) denotes the group of
field automorphisms of C. The field of moduli of φ is the fixed field Mφ of the
subgroup of Gal(C) formed by those σ ∈ Gal(C) so that φ ∼ φσ; Mφ is the field
of definition of the point [φ] ∈ Md. Following arguments due to Koizumi [6] it
can be checked thatMφ is equal to the intersection of all the fields of definition of
φ. In [9], Silverman proved that rational maps, which are either of even degree or
are equivalent to a polynomial, are definable over their field of moduli. The first
author noted in [4] that those rational maps, which cannot be defined over its field
of moduli (so of odd degree), can be defined over a suitable quadratic extension of
it. Real and pseudo-real rational maps are exactly those whose field of moduli is a
subfield of R and, those having R as a field of definition are exactly the real ones. In
particular, pseudo-real rational maps are examples of rational maps which cannot
be defined over their field of moduli. Unfortunately, in the case of a real rational
map, it is not so straightforward to decide if it can or not be definable over its field
of moduli. By a suitable modification of Silverman’s examples, we construct real
rational maps not definable over their field of moduli (Theorem 12). On the other
hand, if a real rational map admits the field of algebraic numbers Q as a field of
definition (arithmetical rational map), then we show that it is also definable over
Q ∩ R. A more general fact holds true by changing Q by any algebraically closed
subfield Q of C which is invariant under the conjugation (Theorem 13). We should
observe that the locus of real rational maps MR
d
in moduli space Md is connected
and of real dimension 2d − 2.
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2. Rational maps with a non-trivial holomorphic/antiholomorphic
automorphism
In this section we provide a description of those rational maps admitting anti-
holomorphic automorphisms and the corresponding real dimensions. We first recall
the situation for holomorphic automorphisms [7].
2.1. Rational maps with non-trivial holomorphic automorphisms. Let φ ∈
Ratd, where d ≥ 2, admitting a non-trivial holomorphic automorphism Tn of oder
n ≥ 2. Up to conjugation by a suitable Mo¨bius transformation, we may assume
Tn(z) = ωnz, ωn = e
2πi/n,
in which case φ(z) = zψ(zn), for a suitable rational map ψ.
Theorem 1 ([7, 5]). Let d, n ≥ 2 be integers.
(1) There is a rational map of degree d admitting a holomorphic automorphism
of order n if and only if d is congruent to either −1, 0, 1 modulo n.
(2) A rational map admitting a holomorphic automorphisms of order n is
equivalent to one of the form φ(z) = zψ(zn), where
ψ(z) =
∑r
k=0 akz
k∑r
k=0 bkz
k
∈ Ratr,
satisfies that
(a) arb0 , 0, if d = nr + 1.
(b) ar , 0 and b0 = 0, if d = nr.
(c) ar = b0 = 0 and br , 0, if d = nr − 1.
Remark 1. (i) If d = 2, then (n, r) ∈ {(2, 1), (3, 1)}; in other words, a rational map
of degree two has holomorphic automorphisms of order either two or three. (ii) In
part (2) of Theorem 1, since n ≥ 2, conditions (a) and (b) (respectively, (b) and (c))
are complementary. If n > 2, then (a) and (c) are also complementary.
Let us denote by Md(Zn) the locus in Md consisting of the classes of rational
maps admitting a holomorphic automorphism of order n.
Corollary 1 ([7]). If d, n ≥ 2 are integers, then
dimC(Md(Zn)) =

2(d − 1)/n, d ≡ 1 mod n.
(2d − n)/n, d ≡ 0 mod n.
2(d + 1 − n)/n, d ≡ −1 mod n.
Remark 2. It follows from the above corollary that Md(Zn) has the maximal pos-
sible dimension if n = 2; dimC(Md(Z2)) = d − 1.
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Remark 3. In [7] it can be found the general description for those rational maps
admitting all possible finite groups of PSL2(C), together with the corresponding
dimensions in moduli space.
2.2. Rational maps with antiholomorphic automorphisms. Let us now con-
sider a rational map φ ∈ Ratd admitting an antiholomorphic automorphism τn of
order 2n, where n ≥ 1.
2.2.1. Case of reflections. In the case n = 1 we have two different situations,
either τ1 is a reflection or an imaginary reflection. If τ1 is a reflection (so φ is a
real rational map), then we may conjugate φ by a suitable Mo¨bius transformation
in order to assume that τ1(z) = J(z) = z. In this case, φ will be already defined over
R. In moduli space we get the locus of real rational maps Md(R), which is known
to be connected and of real dimension 2(d − 1).
2.2.2. Case of antiholomorphic automorphisms different from reflections. Let
us now assume that τ1 is not a reflection. Up to conjugation by a suitable Mo¨bius
transformation, we may assume that
τn(z) =
ω2n
z
, ω2n = e
πi/n.
Let Bd(n) ⊂ Ratd be the locus of rational maps of degree d admitting τn as an-
tiholomorphic automorphism, and let Bd(n) ⊂ Md be the locus of the equivalence
classes of the elements of Bd(n). As a rational map admitting an antiholomorphic
automorphism of order 2n (where, for n = 1, we assume it is not a reflection) is
equivalent to one in Bd(n), Bd(n) consists of all equivalence classes of such type of
rational maps.
Now, it may also happen that an element of Bd(n) also has a reflection as an
automorphism. We set BR
d
(n) ⊂ Bd(n) the sublocus of real rational maps inside
Bd(n) and BRd (n) ⊂ Bd(n) its corresponding image sublocus. In particular, Pd(n) =
Bd(n)−BRd (n) (which it might be empty) is the locus in moduli space Md of classes
of pseudo-real rational maps admitting an antiholomorphic automorphism of order
2n.
Remark 4. If n = 2sq, where q ≥ 1 is odd and s ≥ 0, then Bd(n) ⊂ Bd(2s). For
instance, if n is odd, then Bd(n) ⊂ Bd(1).
Proposition 1. If s , t, then Bd(2s) ∩ Bd(2t) ⊂ Md(R).
Proof. If φ ∈ Bd(2s) ∩ Bd(2t), then φ admits the antiholomorphic automorphisms
τ2s and τ2t . We may assume that s < t, so we may write t = s + l, for some l ≥ 1.
As
τ2t (z) =
eπi/2
s2l
z
,
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if α = τ2
2t
, then
α(z) = eπi/2
s2l−1z
is a holomorphic automorphism of φ. As αl(z) = eπi/2
s
z, one has that the reflection
α−l ◦ τ2s(z) = 1/z is an automorphism of φ.

Case n = 1. We assume the case of rational maps admitting an imaginary reflec-
tion as an automorphism.
Theorem 2. (1) If a rational map of degree d admits an imaginary reflection
as an antiholomorphic automorphism, then d must be odd.
(2) Let d be odd and let φ be a rational map of degree d. Then φ admits an
imaginary reflection τ as an automorphisms if and only if it is conjugated
to one of the form
φ(z) =
∑d
k=0 akz
k∑d
k=0 bkz
k
∈ Ratd,
where
bk = (−1)keiθad−k
for a suitable θ ∈ R and τ corresponds to τ1(z) = −1/z.
Proof. If a rational map admits an imaginary reflection τ as an antiholomorphic
automorphism, then, up to conjugation by a suitable Mo¨bius transformation, we
may assume that τ = τ1. Now, the equality τ1 ◦ φ = φ ◦ τ1, for a rational map
φ ∈ Ratd, is equivalent to∑d
k=0 −bkzk∑d
k=0 akz
k
=
∑d
k=0(−1)d−kad−kzk∑d
k=0(−1)d−kbd−kzk
,
which is also equivalent to the existence of some λ , 0 so that
bk = λ(−1)d+1−kad−k, ak = λ(−1)d−kbd−k.
The above, in particular, asserts that
1 = |λ|2(−1)d+1
and we must have d odd, |λ| = 1 and bk = λ(−1)kad−k. 
Let Vd ⊂ PdC be the hypersurface defined by the zero locus of the resultant of the
polynomials P(z) =
∑d
k=0 akz
k and Q(z) =
∑d
k=0(−1)kad−kzk, where the points in PdC
are given by [a0 : a1 : · · · : ad].
A direct consequence of the above is the following.
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Theorem 3. If d is odd, then the map
S 1 × (Pd
C
− Vd)→ Bd(1) : (eiθ, [a0 : · · · : ad]) 7→ φ(z) =
∑d
k=0 akz
k∑d
k=0(−1)keiθad−kzk
provides of an identification between Bd(1) and S
1× (Pd
C
−Vd). In particular, Bd(1)
and Bd(1) are connected and
dimR(Bd(1)) = 2d + 1, dimR(Bd(1)) = 2d − 2.
Remark 5. In order to check that the real dimension of Bd(1) is as stated above,
one only needs to observe that the normalizer, in PSL2(C), of τ is given by the
subgroup of Mo¨bius transformations
A(z) =
az + b
−bz + a
where |a|2 + |b|2 = 1.
Nex, we proceed to describe BR
d
(1) ⊂ Bd(1). As for d = 1 there are no pseudo-
real maps, we have that BR
1
(1) = B1(1). We will assume, from now on, that d ≥ 3
is odd.
If φ ∈ BR
d
(1), then there is a reflection ρ as an antiholomorphic automorphism of
it. Let us denote by Σρ the circle of fixed points of ρ.
Lemma 1. Either Σρ = S
1 or it is an Euclidean line through 0 union ∞.
Proof. If Σρ is not of the desired form, then the Mo¨bius transformation ρ ◦ τ is a
loxodromic transformation, which has infinite order, a contradiction. 
Next, we proceed to analyze each of the two possibilities given by the above
lemma.
Case: Σρ = S
1. In this case, ρ(z) = 1/z; so T (z) = −z is a holomorphic automor-
phism of φ and, in particular, φ(z) = zψ(z2), for a suitable rational map ψ ∈ Ratr,
where r ∈ {(d ± 1)/2}. In this case, the map ψ should satisfy the equality
(∗) ψ(z) = 1
ψ(1/z)
.
As φ ∈ Bd(1), if we write
φ(z) =
∑d
k=0 akz
k∑d
k=0(−1)keiθad−kzk
,
then (∗) above is equivalent to have either (i) ak = 0 for k odd or (ii) ak = 0 for
k even. In this way, these rational maps corresponds to the real d-dimensional
sublocus S 1 ×A of S 1 × (Pd
C
−Vd) (as in Theorem 3), whereA is the following set
{[0 : a1 : 0 : a3 : · · · : 0 : ad] ∈ PdC−Vd}∪{[a0 : 0 : a2 : · · · : 0 : ad−1 : 0] ∈ PdC−Vd}.
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Case: Σρ is an Euclidean line through 0 union∞. In this situation, ρ(z) = e2αiz.
Again writing φ as above, the equality φ◦ρ = ρ◦φ ensures that there is some µ , 0
so that
ak = µake
2(k−1)αi
ad−k = µe2(θ+kα)iad−k
from where we obtain that |µ| = 1. If a0 , 0, then the above (for k = 0, d) asserts
that
µ = e((1−d)α−θ)i and ak = |ak |e((d+1−2k)α+θ)i/2 .
So the only free parameters are rk = |ak |, k = 0, ..., d. We obtain in this way a
sublocus of real dimension d + 1 (up to projectivization we may assume r0 = 1)
inside Bd(1). The situation is similar for ad , 0. Summarizing all the above, is the
following.
Theorem 4. If d ≥ 3 is odd, then
(1) dimR(B
R
d
(1)) = d + 1.
(2) dimR(BRd (1)) = d − 2.
(3) Bd(1) − BRd (1) and Pd(1) = Bd(1) − BRd (1) are connected.
Corollary 2. If d ≥ 3 is odd, then the sublocus in Md of pseudo-real rational
maps admitting an imaginary reflection as automorphism is connected and of real
dimension 2d − 2.
Case n ≥ 3 odd. In this case, as τnn = τ1, we obtain that Bd(n) ⊂ Bd(1) and
BR
d
(n) ⊂ BR
d
(1).
Case n ≥ 2 even. In this case, T (z) = τ2n(z) = ωnz. From Theorem 1, φ(z) = zψ(zn)
for a suitable rational map
ψ(z) =
∑r
k=0 akz
k∑r
k=0 bkz
k
∈ Ratr,
where r ∈ {(d − 1)/n, d/n, (d + 1)/n} and
(1) arb0 , 0, if r = (d − 1)/n;
(2) ar , 0 and b0 = 0, if r = d/n;
(3) ar = b0 = 0 and br , 0, if r = (d + 1)/n.
The equality τn ◦ φ = φ ◦ τn is equivalent to have
ψ(−1/z) = 1/ψ(z),
which is equivalent to the existence of some λ , 0 so that
bk = λ(−1)r−kar−k, ak = λ(−1)r−kbr−k.
In particular, |λ| = 1, r ≥ 2 is even and
bk = λ(−1)kar−k.
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The above asserts that the case (2) is not possible. Now, as n ≥ 2 and r ≥ 2 are
even, the above also asserts the following.
(1) If r = (d − 1)/n, then d ≡ 1 mod (4) and ar , 0.
(2) if r = (d + 1)/n, then d ≡ 3 mod (4) and ar = 0 and a0 , 0.
Remark 6. As n ≥ 2 does not divides d, only one of the values (d − 1)/n or
(d + 1)/n can be even. For instance, if d = 3, then (d − 1)/n = 2/n cannot be even
and (d + 1)/n = 4/n is even only for n = 2.
Summarizing all the above is the following.
Theorem 5. Let n, d ≥ 2, where n is even. If φ ∈ Ratd admits an antiholomorphic
automorphism τ of order 2n, then the following hold.
(1) d ≥ 3 is odd.
(2) Either (d − 1)/n or (d + 1)/n is even, but not both of them.
(3) Let r ∈ {(d − 1)/n, (d + 1)/n} be the even integer. There is some θ ∈ R so
that φ is conjugated to a rational map the form φ̂(z) = zψ(zn), with
ψ(z) =
∑r
k=0 akz
k∑r
k=0 bkz
k
∈ Ratr,
where bk = (−1)keiθar−k (for every k) and
(i) ar , 0, for r = (d − 1)/n; and
(ii) ar = 0 and a0 , 0, for r = (d + 1)/n.
In this case, τ is corresponds to τn.
Example 1. Let us assume there is some φ ∈ Rat3 admitting an antiholomorphic
automorphism of order 2n, where n ≥ 2. As a consequence of Theorem 5, the only
possibility is n = 2 (case (ii) of (3) and r = 2) and, up to conjugation, we may
assume that
φ(z) = eiθ
a + bz2
−bz + az3
; a , 0.
In this case, the antiholomorphic automorphism is given by τ2(z) = i/z. As
a , 0, we may assume a = 1. Now, conjugating φ by the rotation R(z) = ωz, where
ω4 = e−iθ, we may assume θ = 0. It follows that φ is equivalent to a rational map
of the form
φ̂(z) =
1 + cz2
−cz + z3 .
In this way, the locus inM3 of (classes of) rational maps admitting antiholomor-
phic automorphisms of order 4 has real dimension 2.
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Proceeding similarly as in the above example, it is possible to obtain the real
dimensions of the locus in Md of (classes of) rational maps admitting antiholomor-
phic automorphisms of order 2n, where n ≥ 2.
Corollary 3. Let n ≥ 2 be even and d ≥ 3 odd so that either (d − 1)/n or (d + 1)/n
is even.
(1) If r = (d − 1)/n is even, then the map
S 1 × (PrC − Vd)→ Bd(n) : (eiθ, [a0 : · · · : ar]) 7→ φ(z) = eiθz
∑r
k=0 akz
k∑r
k=0(−1)kar−kzk
provides of an identification between Bd(n) and S
1 × (Pr
C
−Wd) (where Wd
is certain hypersurface). In particular, Bd(n) andBd(n) are both connected
and
dimR(Bd(n)) = 2r + 1, dimR(Bd(n)) = 2r.
(2) If r = (d + 1)/n is even, then the map
S 1 × (Pr−1C − Vd) → Bd(n) : (eiθ, [a0 : · · · : ar−1]) 7→ φ(z) = eiθz
∑r−1
k=0 akz
k∑r
k=1(−1)kar−kzk
provides of an identification between Bd(n) with S
1×(Pr−1
C
−Wd) (where Wd
is certain hypersurface). In particular, Bd(n) andBd(n) are both connected
and
dimR(Bd(n)) = 2r − 1, dimR(Bd(n)) = 2r − 2.
Corollary 4. If d ≥ 3 is odd, then there are pseudo-real rational maps of degree d
admitting an antiholomorphic automorphism of order 4.
Proof. Write d = 2l + 1, where l ≥ 1. If l is odd, then we take r = (d + 1)/2 and
if l is even, then we take r = (d − 1)/2 in Theorem 5 (where we are taking n = 2).
By the previous Corollary, Bd(2) has positive real dimension. Now, we only need
to observe that the real part BR
d
(2) has dimension at most r − 1. 
Corollary 5. The locus MR
d
of real points in moduli space Md is connected.
Proof. The real locus MR
d
is the union of the loci Md(R) and those of the form
Bd(2s). Each of them is connected and Md(R) ∩ Bd(2s) , ∅. 
Remark 7. As a consequence of Theorem 3, there is no rational map of degree
d ∈ {3, 5} admitting an antiholomorphic automorphism of order 4 and, for d = 7,
there is a family of real dimension 2 with such a property. In the next section, as a
consequence of Theorem 9, we observe that there is a pseudo-real map of degree
d = 9 with such a antiholomorphic automorphism.
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3. Pseudo-real rational maps
3.1. Automorphisms of of pseudo-real maps. We start with a simple observa-
tion corresponding to the group of holomorphic automorphisms of a pseudo-real
rational map.
Theorem 6. If φ ∈ Ratd is pseudo-real, then Aut(φ) is either trivial or cyclic.
Proof. Let φ ∈ Ratd be a pseudo-real rational map, so d ≥ 3 is odd and Aut(φ) is
a finite group. Let us assume G = Aut(φ) is either a dihedral group or isomorphic
to A4, A5 or S4. Then there is a branched regular cover π : Ĉ → Ĉ whose
branch values are ∞, 0 and 1 and cover deck group is G. Let Q ∈ Âut(φ) be
an antiholomorphic automorphism of φ. Since Q normalizes Aut(φ), there is an
extended Mo¨bius transformation Q̂ of order two so that π ◦ Q = Q̂ ◦ π. As Q̂
must keep invariant the branch locus {∞, 0, 1} and it has order two, it must have a
fixed point; so it is a reflection. But this implies that some lifting of Q̂ must have a
continuum of fixed points; so it must be a reflection, a contradiction. 
3.2. A characterization of pseudo-real maps. Next, a characterization of a pseudo-
real rational map, in terms of the different possibilities for its group of holomorphic
automorphisms, is provided.
3.2.1. Trivial group of automorphisms. If the rational map has no non-trivial
holomorphic automorphisms, then the pseudo-real property is easy to state as al-
ready observed by Silverman [11] (for completeness, a proof is provided).
Theorem 7 ([11]). Let φ ∈ Ratd, d ≥ 3 odd, so that Aut(φ) is trivial. Then φ is
pseudo-real if and only if there is an imaginary reflection being an automorphism
of φ.
Proof. If φ is pseudo-real, then necessarily there is some Q ∈ Âut(φ) being anti-
holomorphic. Since Aut(φ) is trivial, then Q2 = I. Since φ is not real, Q cannot be
a reflection; so it is an imaginary reflection. In the other direction, if there is some
imaginary reflection Q ∈ Âut(φ), then there is no reflection R ∈ Âut(φ) as in such
a case R ◦ Q ∈ Aut(φ) is different from the identity. 
As every imaginary reflection is conjugated, by a suitable Mo¨bius transforma-
tion, to τ(z) = −1/z, the previous result can be stated as follows.
Corollary 6. Let φ ∈ Ratd, d ≥ 3 odd, so that Aut(φ) is trivial. Then φ is pseudo-
real if and only if there is a Mo¨bius transformation T ∈ PSL2(C) so that η =
T ◦ φ ◦ T−1 satisfies that η(−1/z) = −1/η(z).
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3.2.2. Non-trivial cyclic group of automorphisms. If Aut(φ) = 〈T 〉  Zn, where
n ≥ 2, then wemay assume, up to conjugation by a suitable Mo¨bius transformation,
that φ(z) = zψ(zn), for a suitable rational map ψ, and T (z) = ωnz, where ωn = e
2πi/n
[7] (see also Section 2). Using this normalization, the following description is
provided.
Theorem 8. Let φ ∈ Ratd, d ≥ 3 odd, with Aut(φ)  Zn for n ≥ 2. Then φ is
pseudo-real if and only if it is conjugated to a rational map φ˜(z) = zψ(zn) so that
(1) ψ(z) , ψ(eiθz), for every θ ∈ R and
(2) there is some α ∈ C− {0} with |α| = 1 and αn , 1, so that ψ(z)ψ(αn/z) = 1.
Proof. Let us now consider a rational map φ ∈ Ratd, d ≥ 3 odd, with Aut(φ)  Zn,
n ≥ 2. Up to equivalence, we may assume that φ(z) = zψ(zn), where ψ is some
rational map of degree r ≥ 1, Aut(φ) = 〈T (z) = ωnz〉  Zn, where ωn = e2πi/n. Let
us recall that the map φ is pseudo-real if and only if it admits an antiholomorphic
automorphism and it has no reflections as automorphisms. Let Q be an antiholo-
morphic automorphism of φ. As Q2 ∈ Aut(φ), we must have that Q keeps invariant
the set {∞, 0}. In this way, we must have one of two possibilities: (1) Q(0) = 0 and
Q(∞) = ∞ or (2) Q(0) = ∞ and Q(∞) = 0.
In case (1), Q(z) = βz, where |β| = 1, is a reflection, and in this case, φ is real,
and ψ(z) = ψ(z/βn). In order to rule out this possibility, the rational map ψ must
satisfies that ψ(z) , ψ(eiθz), for every θ ∈ R.
In case (2), Q(z) = α/z, where α/α = ωkn for some k = 0, 1, ..., n − 1. This is
equivalent for ψ to satisfy the equality ψ(z)ψ(αn/z) = 1. We may conjugate φ by
T (z) = λz, where |λ|2 = 1/|α| in order to assume that α = eiϕ. As all elements of
Âut(φ)−Aut(φ) are of the form L(z) = αωsn
z
, where s ∈ {0, 1, ..., n−1}, if ϕ , 2sπ/n,
for every s = 0, 1, ..., n − 1, then φ will be pseudo-real. 
3.3. Examples. In the above, theoretical conditions for a rational map to be pseudo-
real was provided. In this section we provide explicit examples.
3.3.1. Non-trivial group of holomorphic automorphisms. Let n ≥ 4 be an inte-
ger and let ψ(z) a rational map satisfying the following three properties.
(1) There is no rational map ρ so that ψ(z) = ρ(zm), for some m ≥ 2.
(2) For every s ∈ C − {0}, ψ(z) , 1
ψ(s/z)
.
(3) ψ(z) =
1
ψ(−1/z) .
Set φ(z) = zψ(zn). If n = 4, then Aut(φ) is either a cyclic group or a dihedral
group or S4. If n ≥ 6, then Aut(φ) is either a cyclic group or a dihedral group.
Moreover 〈T (z) = ωnz〉 < Aut(φ). Condition (2) ensures that Aut(φ) cannot be
dihedral (so neither can be S4 for n = 4). Condition (1) ensures that Aut(φ) = 〈T 〉.
Condition (3) ensures that τn(z) = ω2n/z is an antiholomorphic automorphism of
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φ. Now, every antiholomorphic automorphism of φ must be of the form
T l ◦ τn(z) = ωlnω2n/z, l = 0, 1, ..., n − 1,
and, since ωlnω2n , 1, none is a reflection. As a consequence, φ is a pseudo-real
map with Aut(φ)  Zn.
Now, the above states that, in order to construct explicit examples of pseudo-real
rational maps φ with Aut(φ)  Zn (n ≥ 6), we only need to find explicit rational
maps ψ satisfying (1), (2) and (3) above. Let us consider
ψ(z) =
∑r
k=0 akz
k∑r
k=0 bkz
k
, ar , 0.
In this case, φ will have degree d = 1 + nr. Condition (3) is equivalent to: (i)
r is even (so d will be odd as supposed to be) and (ii) there exists some θ ∈ R so
that, for every k = 0, 1, ..., r, it holds bk = (−1)keiθar−k. To satisfy Condition (2) we
only need to assume (by evaluation at z = 0)
a0ar , e
2iθa0ar,
and Condition (1) will be satisfied if we also assume a1 , 0. Summarizing all the
above is the following.
Theorem 9. Let n ≥ 4, r ≥ 2 be even, θ ∈ R and a0, ..., ar ∈ C. If
a1ar , 0, a0ar , e
2iθa0ar,
and
ψ(z) =
∑r
k=0 akz
k∑r
k=0(−1)keiθar−kzk
,
then φ(z) = zψ(zn) is a pseudo-real rational map with Aut(φ) = 〈T (z) = ωnz〉  Zn.
Example 2. If, in Theorem 9, we have n = 6, r = 2, θ = 0, a0 = 1, a1 = 1, a2 = i,
then
ψ(z) =
1 + z + iz2
−i − z + z2 , and φ(z) = z
1 + z6 + iz12
−i − z6 + z12
is a pseudo-real rational map of degree 13 with Aut(φ) = 〈T (z) = eπi/3z〉  Z6.
3.3.2. Trivial group of holomorphic automorphisms.
Theorem 10. Let n ≥ 2 and ψ a rational map satisfying the following properties:
(i) ψ(z)n , ψ(eiθz)n, for every θ ∈ R, and
(ii) there is some complex number α = eiϕ with ϕ , 2sπ/n, for every s ∈
{0, 1, ..., n − 1}, so that ψ(z)ψ(αn/z) = 1.
Then the rational map φ̂(w) = wψ(w)n is pseudo-real with a trivial group of
holomorphic automorphisms.
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Proof. If φ(z) = zψ(zn), then (by Theorem 8) Âut(φ) = 〈τn(z) = ω2n/z〉  Z2n.
Let us consider the branch regular cover w = π(z) = zn, whose deck group is the
cyclic group Aut(φ) = 〈Tn(z) = ωnz〉. Then π ◦ φ = φ̂ ◦ π and that φ̂ admits the
imaginary reflection τ(w) = −1/w as antiholomorphic automorphism. Also, as φ
sends {0,∞} into itself, then φ̂ does the same. If φ̂ has no non-trivial holomor-
phic automorphisms, then it is pseudo-real. Let us now assume it has non-trivial
holomorphic automorphisms. As the only holomorphic automorphisms of φ are
the powers of Tn for every integer m ≥ 2, there is no rational map ξ(z) satisfying
that ψ(z) = ξ(zm) (otherwise, φ(z) = zξ(znm) will have an automorphism of order
nm > n). Let V ∈ PSL2(C) be a maximal order non-trivial holomorphic automor-
phism of φ̂. Then V must keep invariant the set {0,∞}; so either (i) V(w) = β/w or
(ii) V(w) = ωsw, where ωs = e
2πi/s for some s ≥ 2. Assume that we are in case (i).
If |β| , 1, then W = (τ ◦ V)2 is holomorphic automorphism of φ̂ of infinite order, a
contradiction. So, |β| = 1 and φ̂ admits a reflection η(w) = eiθw as antiholomorphic
automorphism. The condition η◦ φ̂◦η = φ̂ is equivalent to have ψ(e−θiw)n = ψ(w)n,
a contradiction to our hypothesis. Now, assume that we are in case (ii). In this case,
φ̂(w) = wρ(ws), for a suitable rational map ρ; so ψ(w)n = ρ(ws) (recall that n ≥ 2
is even and s ≥ 2). Then ψ(z) = ξ(zs); so φ(z) = zξ(zsn) will admits a holomorphic
automorphism of order sn > n, a contradiction. 
3.4. On the connectivity of pseudo-real locus in moduli space. Let us denote by
Pd the sublocus in Md consisting of the equivalence classes of pseudo-real rational
maps. We already know that, for d even, Pd = ∅ and, for every d ≥ 3 odd, Pd , ∅
[9].
Theorem 11. If d ≥ 3 is odd, then Pd is not connected.
Proof. For each n ≥ 1, Pd(n) = Bd(n) − BRd (n) is the sublocus in Md of those
classes of pseudo-real rational maps admitting an antiholomorphic automorphism
of order 2n. By Theorem 5, we know that n does not divides d. Corollary 2 asserts
that Pd(1) , ∅ and Theorem 4 asserts that it is connected. Clearly,⋃
n≥1 odd
Pd(n) = Pd(1).
Corollary 4 asserts the existence of pseudo-real rational maps admitting an an-
tiholomorphic automorphism of order 4, that is, Pd(2) , ∅. As a consequence of
Proposition 1, for each n ≥ 2 even, Pd(1) ∩ Pd(n) = ∅. 
3.4.1. On the number of connected components of Pd. Theorem 11 asserts that,
for d ≥ 3 odd, the locus Pd is non-connected. We may wonder in the number of its
connected components.
If n = 2sq, where q ≥ 1 is odd, then Pd(n) ⊂ Pd(2s). Also, as a consequence of
Proposition 1, for s , t, Pd(2t) ∩ Pd(2s) = ∅.
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Let N(d) be the set of those values s ≥ 0, so that there is a rational map of degree
d admitting an antiholomorphic automorphism of order 2s+1.
If d − 1 = 2αdq and d + 1 = 2βd p, where αd, βd ≥ 1 and q, p are odd, then (as a
consequence of Theorem 3 and Corollary 3) the cardinality of Nd is 1+Max{αd, βd}.
Lemma 2. For each s ∈ N(d), Pd(2s) , ∅.
Proof. The case s = 0 is given by Corollary 2, the case, s = 1 by Corollary 4 and
Theorem 9 for s ≥ 2. 
Question: Is Pd(2s) connected?
If the above has an affirmative answer, then the number of connected compo-
nents of Pd is 1 +Max{αd, βd}.
4. Real rational maps
4.1. Examples of real rational maps not definable over their field of moduli.
Theorem 12. If d ≥ 3 is an odd integer, then for the rational map
φ(z) =
(
3 + 2
√
2
) (zd + 1
zd − 1
)
∈ Ratd
(
Q
(√
2
))
it holds thatMφ = Q is not a field of definition for it.
Proof. As Gal
(
Q
(√
2
)
/Q
)
= 〈σ〉  Z2, where σ
(√
2
)
= −
√
2, and T (z) = −1/z
conjugates φ into φσ, we obtain that Mφ = Q. Since the critical set of φ is Cφ =
{0,∞}, every holomorphic automorphism of φ must be of the form A(z) = λz or
B(z) = µ/z. As
A◦φ◦A−1(z) = λ
(
3 + 2
√
2
) (zd + λd
zd − λd
)
and B◦φ◦B−1(z) = µ
3 + 2
√
2
(
µd − zd
µd + zd
)
,
we may see the following facts.
(1) If A is an automorphism of φ, then −
(
3 + 2
√
2
)
= φ(0) = A ◦φ ◦A−1(0) =
−λ
(
3 + 2
√
2
)
; so λ = 1 and A(z) = z.
(2) If B is an automorphism of φ, then
(i) −
(
3 + 2
√
2
)
= φ(0) = B ◦ φ ◦ B−1(0) = µ/
(
3 + 2
√
2
)
, so µ =
−
(
3 + 2
√
2
)2
; and
(ii) ∞ = φ(1) = B◦φ◦B−1(1) = µ(µd−1)/
(
3 + 2
√
2
)
(µd+1), so µd = −1,
a contradiction with (i).
The above asserts that Aut(φ) = {I} and, in particular, that T is the only Mo¨bius
transformation conjugating φ into φσ. If we assume, by the contrary, that φ is
definable over Q, then there is a Mo¨bius transformation L ∈ PSL2(C) and a rational
map ψ ∈ Ratd (Q) so that L ◦ φ ◦ L−1 = ψ. If τ ∈ Gal
(
C/Q
(√
2
))
, then
L ◦ φ ◦ L−1 = ψ = ψτ = (L ◦ φ ◦ L−1)τ = Lτ ◦ φτ ◦ (Lτ)−1 = Lτ ◦ φ ◦ (Lτ)−1,
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so L−1 ◦ Lτ ∈ Aut(φ) = {I}, that is, Lτ = L. This asserts that L ∈ PSL2
(
Q
(√
2
))
.
If we set f = (Lσ)−1 ◦ L, then
f◦φ◦ f −1 = (Lσ)−1◦L◦φ◦L−1◦Lσ = (Lσ)−1◦ψ◦Lσ = (Lσ)−1◦ψσ◦Lσ = (L−1◦ψ◦L)σ = φσ,
so f = T , i.e., L = Lσ ◦ T . Now, if we write
L =
(
α β
γ δ
)
∈ SL2
(
Q
(√
2
))
,
then the equality L = Lσ ◦ T asserts that(
σ(β) −σ(α)
σ(δ) −σ(γ)
)
= ±
(
α β
γ δ
)
,
that is, either
σ(β) = α, σ(α) = −β
or
σ(β) = −α, σ(α) = β.
In any of the two situations, α = β = 0, a contradiction (for instance, in the first
case β = σ2(β) = σ(α) = −β). 
Remark 8. In Theorem 12 we may replace 3 + 2
√
2 by any h ∈ Q
(√
2
)
− Q of
norm 1 to obtain similar examples.
4.2. Arithmetical real rational maps. We say that a subfield Q of C is conjugate-
invariant if it is invariant under the usual conjugation map J(z) = z. Important
cases of conjugate-invariant subfields are the Galois extensions of Q (the case of
arithmetical rational maps).
Theorem 13. Let Q be a conjugate-invariant algebraically closed subfield of C. A
real rational map which is definable over Q is also definable over R ∩ Q.
Proof. The result is clearly true for rational maps of degree at most one and for
those of even degree. Assume, from now on, that φ has odd degree d ≥ 3, is
defined overQ and it is real. As φ is real, it admits a reflection R as antiholomorphic
automorphism. As the group of automorphisms of φ is finite and we are assuming
Q to be algebraically closed, R is necessarily defined over Q. Let us write
R(z) =
αz + β
γz + δ
, α, β, δ, γ ∈ Q.
The locus of fixed points of R in the complex plane are the solutions of the
equation (which we know is either an euclidean circle or an euclidean line)
γ|z|2 + δz − αz − β = 0.
If we write z = x + iy, then the above is
γ(x2 + y2) + (δ − α)x + i(δ + α)y − β = 0.
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Taking x ∈ Q, we obtain (at most two and at least one) solutions for y ∈ Q.
It follows that in the locus of fixed points of R there are infinitely many of them
inside Q; take two of them, say z1 and z2. If we consider the Mo¨bius transformation
T1(z) = (z− z1)/(z− z2), then T1 ◦R◦T−11 provides a reflection whose locus of fixed
points is a euclidean line together the point at infinity, that is, T1 ◦R ◦T−11 (z) = ωz,
where ω ∈ Q satisfies that |ω| = 1. If we now consider the rotation T2(z) = ω1/2z,
then T−1
2
◦ T1 ◦ R ◦ T−11 ◦ T2(z) = z. In conclusion, up to conjugation by a suitable
Mo¨bius transformations with coefficients in Q, we may assume that R = J. Now,
since J is automorphism of φ we have that φ = J ◦ φ ◦ J = φ, from which we may
see that φ is now defined over R ∩ Q. 
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